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A plane problem for an electrically conducting interface crack in a piezoelectric bimaterial is studied. The
bimaterial is polarized in the direction orthogonal to the crack faces and loaded by remote tension and
shear forces and an electrical ﬁeld parallel to the crack faces. All ﬁelds are assumed to be independent
of the coordinate co-directed with the crack front. Using special presentations of electromechanical quan-
tities via sectionally-analytic functions, a combined Dirichlet–Riemann and Hilbert boundary value prob-
lem is formulated and solved analytically. Explicit analytical expressions for the characteristic
mechanical and electrical parameters are derived. Also, a contact zone solution is obtained as a particular
case. For the determination of the contact zone length, a simple transcendental equation is derived. Stress
and electric ﬁeld intensity factors and, also, the contact zone length are found for various material com-
binations and different loadings. A signiﬁcant inﬂuence of the electric ﬁeld on the contact zone length,
stress and electric ﬁeld intensity factors is observed. Electrically permeable conditions in the crack region
are considered as well and matching of different crack models has been performed.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Active materials like piezoelectric ceramics are widely used as
functional parts of many engineering systems, including sensors,
transducers and actuators. However, existing micro-defects and
cracks can strongly inﬂuence their behavior and reduce their
strength. Very often, a crack contains air. Since the dielectric per-
meability of air is much less than that of piezoelectric material,
the electric ﬁeld inside the crack can be about 1000 times higher
in magnitude than the applied remote electric ﬁeld. Under such a
high local electric ﬁeld, an air discharge may occur inside the crack
and the crack becomes a conducting one (Zhang and Gao, 2004).
Also, a very soft electrode embedded in a piezoelectric matrix
can often be considered as a conducting crack (Suo, 1993). Elec-
trode stratiﬁcation or electrode-matrix debonding can often lead
to the appearance of conducting cracks. Therefore, studies of con-
ducting cracks are very important for a better understanding and
prediction of behaviour and failure of piezoelectric devices.
McMeeking (1987) solved the problem of an electric ﬁeld
around a conducting crack in dielectrics. He found that local elec-
tric ﬁeld at the tip of a conducting crack is high enough. A problem
of conducting crack in a homogeneous piezoelectric material wasconsidered by, Suo (1993), Ru and Mao (1999), and Zhang and
Gao (2004). For the case of electrostrictive materials, this problem
was studied by Beom (1999a,b). A conducting crack between two
different piezoelectric materials was considered by Beom and
Atluri (2002) in the framework of the open crack model.
However, for some combinations of electromechanical loading, a
crack between two different piezoelectric materials can produce
essential zones of crack faces contact, which cardinally change
the electromechanical ﬁelds in the whole crack region and, espe-
cially, at the corresponding crack tips. Using in such cases of the
‘‘open’’ crack model leads to the physically unreal overlapping of
the crack faces and to the impossibility to introduce the stress
intensity factors in the conventional manner. The zones of overlap-
ping of the crack faces are usually longer than the correspondent
contact zones and in some cases they can occupy more than third
part of the crack length. Eliminating of these zones and determina-
tion of the real crack form and corresponding fracture mechanical
parameters is the physical reason of the contact zone model
consideration.
A contact zone model (Comninou, 1977; Atkinson, 1982;
Dundurs and Gautesen, 1988) was developed for a crack between
isotropic materials. This model was applied to interface cracks in
thermopiezoelectric materials by Qin andMai (1999) using a singu-
lar integral equation formulation and its following numerical solu-
tion. A detailed analytical investigation of an electrically
permeable and electrically impermeable interface cracks with
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Herrmannand Loboda (2000) andbyHerrmannet al. (2001), respec-
tively. However, to our best knowledge, an electrically conducting
interface crack in a piezoelectric bimaterial has not been studied
yet, in spite of the possibility of appearance of large contact zones
for such cracks under the action of electric ﬁeld. This situation is
quite different from the above mentioned cases of an electrically
permeable and electrically impermeable interface crack, in which
the electrical loading has only very small inﬂuence concerning the
possibility of the crack faces contact.
In the present paper, we focus on a contact zone problem of
electrically conducting interface crack in a piezoelectric bimaterial
subjected to a tension and shear mechanical loading and an electri-
cal ﬁeld parallel to the crack faces. A signiﬁcant inﬂuence of the
electrical ﬁeld intensity on the contact zone length and the fracture
mechanical parameters is demonstrated. For the comparison the
electrically permeable conditions in the crack region are consid-
ered as well.
2. General solution of the basic equation
The constitutive relations for a linear piezoelectric material in
the absence of body forces and free charges can be presented in
the form (Parton and Kudryavtsev, 1988)
rij ¼ cijklckl  ekijEk; ð1Þ
Di ¼ eiklckl þ eikEk; ð2Þ
rij;i ¼ 0; Di;i ¼ 0; ð3Þ
cij ¼ 0:5 ui;j þ uj;i
 
; Ei ¼ u;i; ð4Þ
where uk; u; rij; cij and Di are the elastic displacements, electric
potential, stresses, strains and electric displacements, respectively;
cijkl; elij and eij are the elastic moduli, piezoelectric constants and
dielectric constants, respectively. The subscripts in (1)–(4) are rang-
ing from 1 to 3 and Einstein’s summation convention is used in
(1)–(3).
Substituting Eq. (4) into (1) and (2) and after that into (3), one
obtains
cijkluk þ eliju
 
;li ¼ 0; eikluk  eiluð Þ;li ¼ 0: ð5Þ
Assuming that all ﬁelds are independent on the coordinate x2,
the solution of Eq. (5), according to the method suggested by Eshel-
by et al. (1953), can be presented in the form (Suo et al., 1992).
V ¼ a f ðzÞ; ð6Þ
where z ¼ x1 þ px3; V ¼ u1;u2;u3;u½ T ; f ðzÞ is an arbitrary function
to be determined; a ¼ a1; a2; a3; a4½ T and p are an eigenvector and
an eigenvalue, respectively, which can be obtained from the
equation
Q 0 þ p R0 þ RT0
 
þ p2T0
h i
a ¼ 0; ð7Þ
with 4  4 matrices Q 0; R0 and T0 deﬁned as
Q 0¼
ci1k1 e11i
eT11i e11
 
; R0¼
ci1k3 e31i
eT13i e13
 
; T0¼
ci3k3 e33i
eT33i e33
 
; i;k¼1;2;3:
Here and afterwards, the superscript T stands for the transposed
matrix.
According to Suo et al. (1992) Eq. (7) has no real eigenvalues.
Therefore, we denote an eigenvalue of the relation (7) with positive
imaginary parts as pa and the associated eigenvectors of (7) as aa
(subscript a here and afterwards takes the numerals 1–4). Themost general real solution of Eq. (5) can be presented as (Suo
et al., 1992)
V ¼ AfðzÞ þ Af ðzÞ; ð8Þ
where A ¼ a1;a2;a3;a4½  is a matrix composed of eigenvectors,
fðzÞ ¼ ½f1ðz1Þ; f2ðz2Þ; f 3ðz3Þ; f4ðz4ÞT is an arbitrary vector function,
za ¼ x1 þ pax3 and the overbar stands for the complex conjugate.
Consider the vector
t ¼ r13;r23;r33;D3½ T : ð9Þ
Using Eqs. (1) and (2), this vector can be presented in the form
t ¼ Bf 0ðzÞ þ Bf 0ðzÞ; ð10Þ
where the 4  4 matrix B is deﬁned as
BJa ¼ E3JK1 þ paE3JK3
 
AKa ðnot summed over index aÞ;
J;K ¼ 1;2;3;4 ð11Þ
and f 0ðzÞ ¼ df1ðz1Þdz1 ;
df2ðz2Þ
dz2
; df3ðz3Þdz3 ;
df4ðz4Þ
dz4
h iT
.
For the following analysis related to the conducting crack, it is
convenient to introduce the vectors
L ¼ u01;u02;u03;D3
 	T
; P ¼ r31;r32;r33; E1½ T ; ð12Þ
where the prime means the differentiation on x1.
Using relations (8) and (10), these vectors can be presented in
the form (Loboda and Mahnken, 2011)
L ¼Mf 0ðzÞ þ Mf 0 zð Þ; ð13Þ
P ¼ Nf 0ðzÞ þ Nf 0 zð Þ; ð14Þ
where the matricesM and N are found by means of the reconstruc-
tion of the matrices A, B. They have the following form
M ¼
a1J
a2J
a3J
b4J
2
6664
3
7775
J¼1;2;3;4
; N ¼
b1J
bJ
b3J
a4J
2
6664
3
7775
J¼1;2;3;4
: ð15Þ
Consider now a bimaterial composed of two different piezoelec-
tric semi-inﬁnite spaces x3 > 0 and x3 < 0 having, respectively, the
properties cð1Þijkl; e
ð1Þ
lij ; e
ð1Þ
ij and c
ð2Þ
ijkl; e
ð2Þ
lij ; e
ð2Þ
ij . We assume, that the
vector P is continuous across the whole bimaterial interface. This
means that the boundary conditions at the interface x3 ¼ 0 are
the following
Pð1Þ x1;0ð Þ ¼ Pð2Þ x1;0ð Þ for x1 2 1;1ð Þ: ð16Þ
To construct the presentations, which satisfy the interface con-
ditions (16), we use Eqs. (13) and (14) for upper and lower half-
planes which can be written in the form
LðmÞ ¼MðmÞf 0ðmÞðzÞ þ MðmÞf 0ðmÞ zð Þ; ð17Þ
PðmÞ ¼ NðmÞf 0ðmÞðzÞ þ NðmÞf 0ðmÞ zð Þ: ð18Þ
Satisfying the bimaterial interface condition (16), the following
presentations are obtained similarly to Loboda and Mahnken
(2011)
L x1ð Þh i ¼Wþ x1ð Þ W x1ð Þ; ð19Þ
Pð1Þ x1;0ð Þ ¼ SWþ x1ð Þ  SW x1ð Þ; ð20Þ
where S ¼ Nð1ÞD1; D ¼Mð1Þ  Mð2Þ Nð2Þ 1Nð1Þ; WðzÞ is a vector-
function which is analytic in each semi-inﬁnite plane and
Wþ x1ð Þ ¼W x1 þ i  0ð Þ;W x1ð Þ ¼W x1  i  0ð Þ. Here and afterwards,
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function across the material interface.
Using the proposed presentations (19) and (20), many mixed
mode problems for piezoelectric bimaterials can be solved. These
presentations differ from the traditional presentations of the elec-
tromechanical quantities via sectionally analytic functions (Suo
et al., 1992; Loboda et al., 2007, 2008), because the forth compo-
nents of the vectors L and P and the corresponding lines of the ma-
trixes M and N are permuted in comparison to the mentioned
presentations. It is important to note that the conditions
Pð1Þ x1;0ð Þ ¼ Pð2Þ x1;0ð Þ for x1 2 1;1ð Þ are satisﬁed. Therefore,
Eqs. (19) and (20) are convenient for analysing mixed problems
provided that the components of the vector P are continuous
throughout the plane x3 ¼ 0. Note that the problem of conducting
crack satisﬁes this condition.3. Formulation of the problem
Consider an electrically conducting crack c 6 x1 6 b; x3 ¼ 0 be-
tween two semi-inﬁnite piezoelectric half-spaces x3 > 0 and x3 < 0
having both the symmetry class of 6mmwith the poled direction x3
(Parton and Kudryavtsev, 1988). The properties of the half-spaces
are cð1Þijkl; e
ð1Þ
lij ; e
ð1Þ
ij and c
ð2Þ
ijkl; e
ð2Þ
lij ; e
ð2Þ
ij , respectively.
The loading conditions at inﬁnity are rðmÞ33 ¼ r1; rðmÞ13 ¼ s1;
rðmÞ11 ¼ r1xxm; EðmÞ1 ¼ E1. Here and in the following, m = 1 stands for
the upper domain, and m = 2 for the lower one.). It is assumed that
the continuity equations for the strain exx are satisﬁed across the
interface at inﬁnity. Since the load is independent of the coordinate
x2, the plane strain problem in the ðx1; x3Þ plane depicted in Fig. 1
can be considered.
It is also assumed that the crack surfaces are traction-free for
x1 2 c; a½  ¼ L1 whereas they are in frictionless contact for
x1 2 a; bð Þ ¼ L2, and the position of the point a is arbitrarily chosen
for the time being. Taking into consideration only the right contact
zone is justiﬁed by the fact that one contact zone is usually extre-
mely short and its inﬂuence upon the longer contact zone is negli-
gible small (Dundurs and Gautesen, 1988; Kharun and Loboda,
2003). If the longer contact zone arises at the left crack tip, then
its consideration can be reduced to the same problem by simple
changing of half-spaces.
For the considered class of materials and applied loads which
are independent of the coordinate x2, we can look for ﬁelds in
x1; x3ð Þ – plane, where the displacement V2 of the vector-function
V of the presentation (6) decouples from the components
V1;V3;V4ð Þ (Suo et al., 1992). Because of the simplicity of the
V2-determination, our attention will be focused on the plane prob-
lem for the components V1;V3;V4ð Þ. In this case, similarly to the
contracted notations of the anisotropic elasticity (Sokolnikoff,τ ∞
E∞
1x c
σ ∞
1xxσ
∞
2xxσ
∞
τ
3x
Fig. 1. An electrically conducting interface crack with a frictionless contact zone under t1956), the following relations for the components cijkl; elij and eij
related to the (x1; x3Þ – plane can be introduced:
c1111 ¼ c11; c1133 ¼ c13; c3333 ¼ c33; c1313 ¼ c44; c113 ¼ e31; e333 ¼ e33;
e131 ¼ e15. Moreover, the matrix S has the following structure
(without the second row and column)
S ¼
S11 S13 S14
S31 S33 S34
S41 S43 S44
2
64
3
75 ¼
is11 s13 is14
s31 is33 s34
is41 s43 is44
2
64
3
75; ð21Þ
where all sij are real and s31 ¼ s13; s41 ¼ s14; s43 ¼ s34 holds true.
The boundary conditions at the interface can be written as
for x1 2 L : Pð1Þ x1;0ð Þ ¼ Pð2Þ x1;0ð Þ; Lð1Þ x1;0ð Þ ¼ Lð2Þ x1;0ð Þ;
ð22Þ
for x1 2 L1 : r13 x1;0ð Þ ¼ 0; r33 x1;0ð Þ ¼ 0; E1 x1;0ð Þ ¼ 0; ð23Þ
for x1 2 L2; : u3ðx1;0Þh i ¼ 0; r13 x1;0ð Þ ¼ 0; r33 x1ð Þh i
¼ 0; E1 x1;0ð Þ ¼ 0: ð24Þ
It can be seen from presentations (19) and the second Eq. (22)
that, under this condition, the vector-function W(z) is analytic in
the whole plane with a cut along 1;þ1ð Þ n L.
4. Solution of the problem for an arbitrary contact zone length
Consider an arbitrary one line matrix R ¼ R1;R3;R4½ . Using Eqs.
(20) and (21), the product RPð1Þðx1;0Þ can be written as
RPð1Þ x1;0ð Þ ¼ RSWþ x1ð Þ  RSW x1ð Þ: ð25Þ
Introducing the function
FðzÞ ¼ TWðzÞ ð26Þ
with T ¼ T1; T3; T4½  ¼ RS and assuming
RS ¼ c RS; ð27Þ
Eq. (25) becomes
RPð1Þ x1;0ð Þ ¼ Fþ x1ð Þ þ cF x1ð Þ; ð28Þ
where c and RT are an eigenvalue and an eigenvector of the system
cST þ ST
 
RT ¼ 0: ð29Þ
where S is deﬁned by Eq. (21). The roots of the equation
det cST þ ST
 
¼ 0 have the form
c1 ¼
1þ d
1 d ; c3 ¼ c
1
1 ; c4 ¼ 1; ð30Þτ ∞
σ ∞
E∞
ba
1xxσ
∞
τ
2xxσ
∞
he action of remote mixed mode mechanical loading r1; s1 and electrical ﬁeld E1.
-0,5
0
0,5
1
1,5
2
2,5
-0,01 -0,008 -0,006 -0,004 -0,002 0 0,002 0,004 0,006 0,008 0,01
Fig. 2. The variation of the crack opening along the crack region for the bimaterials PZT4/PZT5H and E1 ¼ 5 106 V=m; r1 ¼ 1 MPa (line I), r1 ¼ 2:5 MPa (II) and
r1 ¼ 5 MPa (III).
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s33ðs11s44  s41s14Þ : ð31Þ
The eigenvector RTj ¼ Rj1;Rj3;Rj4
 	T associated with an eigen-
value cj j ¼ 1;3;4ð Þ can be found from the system (29). An analysis
shows that, for d2 > 0, the matrix R composed of eigenvectors RTj
has the following structure
R ¼
ir11 1 ir14
ir31 1 ir34
ir41 0 i
2
64
3
75;
where r11 ¼ s31s44s34s41d s11s44s14s41ð Þ ; r14 ¼
s11s34s14s31
d s11s44s14s41ð Þ ; r31 ¼ r11; r34 ¼ r14;
r41 ¼  s43s13 are all real.
A numerical analysis shows that, for all piezoelectric ceramics
polarized in the direction x3, the inequality d2 > 0 holds true. The
components of the matrix
T ¼ RS ð32Þ
composed from one-line matrixes Tj ¼ Tj1; Tj3; Tj4
 	 ¼ RjS
j ¼ 1;3;4ð Þ for d2 > 0 can be presented in the form
Tj1 ¼ tj1; Tj3 ¼ itj3; Tj4 ¼ tj4, where all tjk j; k ¼ 1;3;4ð Þ are real
and t43 ¼ 0.
Using relations (26) and (28), we get
RjP
ð1Þ x1;0ð Þ ¼ Fþj x1ð Þ þ cjFj x1ð Þ;
where FðzÞj ¼ TjWðzÞ. It follows from the last relation that the func-
tions FðzÞj have the same properties as WðzÞ. In particular, for the
boundary conditions (22)–(24), they are analytic in the whole plane
with a cut along 1;þ1ð ÞnL.
Taking into account the properties of the matrixes R, T and Eqs.
(19), (26) and (32), we obtain
irj1rð1Þ13 x1;0ð Þ þ rj3rð1Þ33 x1;0ð Þ þ irj4Eð1Þ1 x1; 0ð Þ
¼ Fþj x1ð Þ þ cjFj x1ð Þ; ð33Þ
tj1 u01 x1ð Þ

 þ itj3 u03 x1ð Þ
 þ tj4 D3 x1ð Þh i ¼ Fþj x1ð Þ  Fj x1ð Þ; ð34Þ
where r13 ¼ r33 ¼ r44 ¼ 1 and r43 ¼ 0.Before the formulation of the problems of linear relationship for
the contact zone model consider shortly the ‘‘open’’ model, which
takes place for a ¼ b i.e. for L2 ¼£. In this case with use of (33) we
get from the interface conditions (23)Fþj x1ð Þ þ cjFj x1ð Þ ¼ 0; j ¼ 1;3;4ð Þ for x1 2 L1: ð35Þ
The problems (35) are rather simple and can be solved by formulas
Muskhelishvili (1963). But as a result of this solution one arrives to
the appearance of the oscillating singularity in the electromechan-
ical factors and particularly to the crack faces overlapping. When
the zones of the overlapping are small then the useful way of this
solution using was suggested by Rice (1988), but for essential over-
lapping zone lengths the alternative models should be used.
One of the alternative is using of actively developed now dielec-
tric breakdown (DB) model (Zhang and Gao, 2004; Zhang, 2004).
Because for the considered problem E1 x1;0ð Þ is singular at the crack
tips then for DB-model in addition to the interface conditions (23)
the condition E1 x1;0ð Þ ¼ Eb for x1 2 b; dRð Þ [ dL; cð Þ should be satis-
ﬁed, where Eb is some constant called electric breakdown strength
and the position of the points dR and dL should be found from the
condition of E1 x1;0ð Þ ﬁniteness at these points. The advantage of
this model is connected with removing singularity in electric ﬁeld
at the crack tip, but it does not eliminate the crack faces overlap-
ping. Moreover the correspondent mathematical model obtained
by use of Eq. (33) is rather complicated for an interface crack and
it doubtfully can be solved exactly.
Another alternative is connected with the introduction of the
contact zone (a; bÞ and in this way we arrive to the problem shown
in Fig. 1 with interface conditions (22)–(24) provided a < b. Further
the main attention will be paid to this problem solution.
The satisfaction of the boundary conditions (23) by means of
the presentation (33) lead to Eq. (35), and the ﬁrst three boundary
conditions (24) together with Eqs. (33) and (34) give for x1 2 L2 the
following relationsIm Fþk x1ð Þ þ ckFk x1ð Þ
 	 ¼ 0; Im Fþk x1ð Þ  Fk x1ð Þ 	 ¼ 0; k ¼ 1;3ð Þ;
ð36Þ
Fþ4 x1ð Þ þ F4 x1ð Þ ¼ 0: ð37Þ
-1
1
3
5
7
9
11
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Fig. 3. The variation the crack opening along the crack region for the bimaterials PZT4/SiC and E1 ¼ 5 106 V=m; r1 ¼ 2:5 MPa (line I), r1 ¼ 10 MPa (II) and r1 ¼ 25 MPa
(III).
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bined Dirichlet–Riemann boundary value problem
Fþk x1ð Þ þ ckFk x1ð Þ ¼ 0; for x1 2 L1; ð38Þ
ImFk x1ð Þ ¼ 0; for x1 2 L2; k ¼ 1;3ð Þ; ð39Þ
while the relations (35) for j ¼ 4 and (37) lead to a Hilbert problem
Fþ4 x1ð Þ þ F4 x1ð Þ ¼ 0; for x1 2 L1 [ L2 ð40Þ
for a function F4ðzÞ analytical in the whole plane cut along L1 [ L2.
Taking into account that for x1 2 L the relationships
Fþj x1ð Þ ¼ Fj x1ð Þ ¼ Fj x1ð Þ hold true, we get from Eq. (33) that
1þ cj
 
Fj x1ð Þ ¼ irj1rð1Þ13 x1;0ð Þ þ rj3rð1Þ33 x1; 0ð Þ þ irj4Eð1Þ1 x1;0ð Þ;
for x1 !1 ð41Þ
But taking into account that the functions FjðzÞ are analytic in the
whole plane cut along L1 [ L2 and using the conditions at inﬁnity,
one gets from Eq. (41)
FjðzÞ

z!1 ¼ ~rj  i~sj; ð42Þ
where ~rj ¼ rj3r
1
#j
; ~sj ¼  1#j rj1s
1 þ rj4E1
 
; j ¼ 1;3;4ð Þ; #k ¼
1þ ckð Þ; k ¼ 1;3ð Þ; #4 ¼ 2.
It follows from a thorough analysis, that the solution of the
problem (38), (39) and (42) for k ¼ 3 and j ¼ 3 can be obtained
from the solution of this problem for k ¼ 1 and j ¼ 1. Therefore,
in the following the solution of the problem (38), (39) and (42)
for k ¼ 1 and j ¼ 1 only will be considered.
A solution of the combined Dirichlet–Riemann boundary value
problem (38) and (39) was found and applied to the analysis of a
rigid stamp by Nahmein and Nuller (1986). Concerning the prob-
lem of an interface crack, this solution has been developed by Lo-
boda (1993). Using these results, an exact solution of the
problem (38) and (39) for k ¼ 1 satisfying the condition at inﬁnity
(42) can be written in the form
F1ðzÞ ¼ PðzÞX1ðzÞ þ QðzÞX2ðzÞ; ð43Þ
wherePðzÞ ¼ C1zþ C2; QðzÞ ¼ D1zþ D2;
X1ðzÞ ¼ ieiuðzÞ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z cð Þ z bð Þ
q
; X2ðzÞ ¼ eiuðzÞ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z cð Þ z að Þ
p
;
uðzÞ ¼ 2e ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b að Þ z cð Þ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
‘ z að Þp þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃa cð Þ z bð Þp ; e ¼
1
2p
ln c1;
l ¼ b c;
C1 ¼ ~s1 cos b ~r1 sin b; D1 ¼ ~r1 cos b ~s1 sin b;
C2 ¼  c þ b2 C1  b1D1; D2 ¼ b1C1 
c þ a
2
D1;
with
b ¼ e ln 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
p
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
p ; b1 ¼ e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a cð Þ b cð Þ
q
and k ¼ b a
l
: ð44Þ
Parameter k introduced by formula (44) will play an important
role for further analysis, because it deﬁnes the relative contact
zone length.
Using solution (43) together with formula (33), one gets
ir11rð1Þ13 x1;0ð Þ þ r13rð1Þ33 x1;0ð Þ þ ir14Eð1Þ1 x1;0ð Þ
¼ Qðx1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1  ap þ
iP x1ð Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1  b
p
" #
#1 exp iu x1ð Þ½ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1  cp for x1 > b; ð45Þ
rð1Þ33 x1;0ð Þ ¼
#1P x1ð Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1  cð Þ b x1ð Þ
p 1 c1
1þ c1
coshu0 x1ð Þ þ sinhu0 x1ð Þ
 
þ #1Q x1ð Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1  cð Þ x1  að Þ
p coshu0 x1ð Þ þ 1 c11þ c1 sinhu0 x1ð Þ
 
for x1 2 L2; ð46Þ
where u0 x1ð Þ ¼ 2e tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
acð Þ bx1ð Þ
bcð Þ x1að Þ
q
.
Substituting the solution (43) into the presentation (34) leads to
Table 1
The variation of the relative contact zone length k0, the intensity factor of the shear
stress k2 and the intensity factor of the electrical stress kE with respect to normal
stress r1 for the bimaterial PZT4/PZT5H and E1 ¼ 5 106 V/m.
r1 (MPa) k0 k2 ðN=m3=2Þ 105kE ðV=m1=2Þ
1 0.1523 14484.9 5.016
2.5 4:024 102 34542.5 5.038
5 3:413 103 99918.0 5.112
7.5 2:825 104 207458 5.232
10 2:425 105 356725 5.400
20 2:433 109 1.344106 6.509
40 1:252 1015 4.818106 10.40
Table 2
The variation of the relative contact zone length k0, the intensity factor of the shear
stress k2 and the intensity factor of the electrical stress kE with respect to normal
stress r1 for the bimaterial PZT4/SiC and E1 ¼ 5 106 V/m.
r1 (MPa) k0 k2 ðN=m3=2Þ 105kE ðV=m1=2Þ
1 0.3189 16019.2 5.176
2.5 0.3016 17096.7 5.188
5. 0.2738 19048.5 5.210
7.5 0.2474 21206.4 5.233
10 0.2226 23582.8 5.260
20 0.1410 35475.0 5.391
40 0.05350 71769.9 5.791
0,00
2,00
4,00
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Fig. 4. The variation of the normal stress r33ðx1;0Þ at the crack continuation for the bimaterials PZT4/PZT5H and E1 ¼ 5 106 V=m; r1 ¼ 1 MPa (line I), r1 ¼ 2:5 MPa (II)
and r1 ¼ 5 MPa (III).
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þ it13 u03 x1ð Þ
 þ t14 D3 x1ð Þh i ¼
¼ 2 ﬃﬃﬃap P x1ð Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b x
p
1
 i Q x1ð Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a xp 1
 
exp iu x1ð Þ½ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1  cp for x1 2 L1; ð47Þ
t11 u01 x1ð Þ

 þ t14 D3 x1ð Þh i
¼ 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1  cp
Pðx1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b x
p
1
coshu0ðx1Þ þ
Qðx1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1  ap sinhu0ðx1Þ
 
for x1 2 L2; ð48Þ
where u x1ð Þ ¼ 2e ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bað Þ x1cð Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
‘ ax1ð Þ
p
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
acð Þ bx1ð Þ
p ; a ¼ ðc1þ1Þ24c1 .
The solution of the Hilbert problem (40) can be obtained by
using the results of Muskhelishvili (1963) as
F4ðzÞ ¼ C04 þ C14zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z cð Þ z að Þp : ð49Þ
To determine the coefﬁcients C04; C14, we use the condition at
inﬁnity (42) for j ¼ 4 and Gaussian theorem concerning the con-
tour that lies on the lower and upper faces of the segment
x1 2 L1, which can be presented in the form (Knish et al., 2012)Z b
c
Fþ4 x1ð Þ  F4 x1ð Þ
 	
dx1 ¼ 0:
These give the following formula
F4ðzÞ ¼ ih42 z
c þ b
2
 
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z cð Þ z bð Þ
p ; ð50Þ
where h4 ¼ r41s1 þ r44E1.
It follows from Eq. (33) with an account r43 ¼ 0 and (50) that
r41rð1Þ13 x1;0ð Þ þ r44Eð1Þ1 x1;0ð Þ ¼
2
i
F4 x1ð Þ ¼ h42 x1 
c þ b
2
 
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1  cð Þ x1  bð Þ
p for x1 > b: ð51Þ
The imaginary part of Eqs. (45) and (51) provide a system of lin-
ear algebraic equations from which the mechanical stress
rð1Þ13 x1;0ð Þ end the electrical stress Eð1Þ1 x1;0ð Þ can be easily found
for x1 > b.Using Eqs. (50) and (34) with j = 4 and taking into account
t43 ¼ 0 we obtain
t41 u01 x1ð Þ

 þ t44 D3 x1ð Þh i ¼ Fþ4 x1ð Þ  F4 x1ð Þ
¼ h4 x1  c þ b2
 
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1  cð Þ b x1ð Þ
p for x1 2 L1 [ L2: ð52Þ
From the system of linear algebraic equations composed from
the real part of Eqs. (47) and (52) on x1 2 L1 and from Eqs. (48)
and (52) on x1 2 L2 , the expressions for u01 x1ð Þ

 
and D3 x1ð Þh i in
the mentioned intervals can easily be found.
Next we introduce the mechanical stress and electrical stress
intensity factors (MESIF)
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p x1  að Þ
p
rð1Þ33 x1;0ð Þ;
k2 ¼ limx1!bþ0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p x1  bð Þ
q
rð1Þ13 x1;0ð Þ;
kE ¼ limx1!bþ0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p x1  bð Þ
q
Eð1Þ1 x1;0ð Þ:
ð53Þ
Using Eq. (46) to determine k1 and taking into account that
u0 að Þ ¼ ln
ﬃﬃﬃﬃﬃc1p we ﬁnd that
k1 ¼ #1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p
a a cð Þ
s
Q að Þ: ð54Þ
To determine k2 and kE, we multiply the left and right sides of
Eqs. (45) and (51) by
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p x1  bð Þ
p
and consider x1 ! b. We arrive
at the following system of linear algebraic equations
r11k2 þ r14kE ¼ #1
ﬃﬃﬃ
2
l
r
P bð Þ;
r41k2 þ r44kE ¼ h4
ﬃﬃﬃ
l
2
r
; ð55Þ
where P bð Þ ¼ lh52#1 ; h5 ¼ h1  2e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
p
r1
 
cosb r1 þ 2eðﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
p
h1Þ sinb;h1 ¼ r11s1 þ r14E1; l ¼ b a:
Solution of the system (55) gives the following expressions for
the MESIF k2 and kE:
k2 ¼
ﬃﬃﬃ
l
2
r
r44h5  r14h4
r11r44  r14r41 ; kE ¼
ﬃﬃﬃ
l
2
r
r11h4  r41h5
r11r44  r14r41 : ð56Þ
Using Eq. (47) for x1 ! a 0 permits to obtain the following
expressions of u03

 
via the stress intensity factor k1
u03 x1ð Þ

  ¼  2aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p a x1ð Þ
p
#1
k1: ð57Þ
Analyzing Eqs. (48) and (52) for x1 ! b 0 gives us
t11 u01 x1ð Þ

 þ t14 D3 x1ð Þh i ¼ h5
#1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l
b x1
s
; ð58Þ
t41 u01 x1ð Þ

 þ t44 D3 x1ð Þh i ¼ h42
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l
b x1
s
for x1 ! b 0: ð59Þ
From Eqs. (58) and (59), the asymptotic expressions for u01 x1ð Þ

 
and D3 x1ð Þh i for x1 ! b 0 can be presented in the form
u01 x1ð Þ

  ¼ t44h5=#1  t14h4=2
t11t44  t14t41
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l
b x1
s
; D3 x1ð Þh i
¼ t11h4=2 t41h5=#1
t11t44  t14t41
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l
b x1
s
: ð60Þ5. Contact zone model
The solution of an interface crack problem, obtained in the pre-
vious chapter, is mathematically valid for any position of the point
a. But, to preserve the physical sense of the obtained solutions, the
following inequalities
rð1Þ33 x1;0ð Þ 6 0 for x1 2 L2; u3 x1ð Þh iP 0 for x1 2 L1 ð61Þ
must be satisﬁed. In this case, the contact zone model in Comninou
(1977) sense takes place. The mentioned position of the point a (or
parameter kÞ can be found from the equation k1 ¼ 0 which, with use
of Eq. (54), leads to the following transcendental equation with
respect to k:tanb ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
p
r1 þ 2eh1
2er1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
p
h1
: ð62Þ
To satisfy both inequalities (61) excluding the small zone of
oscillation near the left crack tip, the maximum root of Eq. (62)
from the interval 0;1ð Þ should be taken.
The required solution k ¼ k0 of Eq. (62) can always be found
numerically. But if k is small as compared to 1 one can assumeﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
p
 1. This leads to the following asymptotic formula for
k0  k0:
k0 ¼ 4exp 1e tan
1ð2eÞ  v p n 1
2
   
; ð63Þ
where v ¼ tan1 h1=rð Þ and the appropriate n should be taken.
It is seen from the ﬁrst Eqs. (53) and (57) that, for k ¼ k0, the
normal stress rð1Þ33 x1;0ð Þ is not singular at the point a and the crack
closes smoothly at this point.
6. The crack faces free from electrodes
Assume now that the electrodes are absent at the crack faces
and the faces are free from mechanical loading and electrical
charge. In this case the electrically permeable and electrically
impermeable conditions are used the most often for the modelling
of such cracks. Both these types of conditions were considered by
Herrmann and Loboda (2000) and by Herrmann et al. (2001),
respectively, for the case of the electric ﬂux directed orthogonal
to the crack faces. Because the contact zone model has never been
considered earlier for the electric ﬁeld parallel to the crack faces
and for the sake of comparison with obtained results consider
the contact zone model for the crack faces free from electrodes.
Taking into account that according to Gao and Fan (1999) the
assumption of a permeable crack is more realistic than that of an
impermeable crack the main attention will be paid to electrically
permeable crack.
For the problem depicted in Fig. 1 provided the crack faces are
free from electrodes, loading and electric charge under the electri-
cally permeable crack assumption the boundary conditions at the
interface can be written in the form
for x1 2 L : Pð1Þ x1;0ð Þ ¼ Pð2Þ x1;0ð Þ; Lð1Þ x1;0ð Þ ¼ Lð2Þ x1;0ð Þ;
ð65Þ
for x1 2 L1 :r13 x1;0ð Þ¼0; r33 x1;0ð Þ¼0; E1 x1ð Þh i¼0; D3 x1ð Þh i¼0
ð66Þ
for x1 2 L2; : u3 x1;0ð Þh i ¼ 0; r33 x1ð Þh i ¼ 0; r13 x1;0ð Þ ¼ 0;
E1 x1ð Þh i ¼ 0; D3 x1ð Þh i ¼ 0: ð67Þ
It follows from Eqs. (65)–(67) that D3 x1ð Þh i ¼ 0 for
1 < x1 <1. This relation together with Eq. (19) gives
Wþ4 x1ð Þ W4 x1ð Þ ¼ 0 for 1 < x1 <1 and it means that W4ðzÞ
is an analytic function in the whole plane. Taking into account
the constant values of electromechanical quantities for z !1
one has W4ðzÞ ¼ W04 ¼ const. Moreover, by using the appearance
(21) of the matrix S the relation (20) can be written as
rð1Þ13 x1;0ð Þ¼ is11Wþ1 x1ð Þþ s13Wþ3 x1ð Þþ is11W1 x1ð Þ s13W3 x1ð Þþ2is14W04;
rð1Þ33 x1;0ð Þ¼ s31Wþ1 x1ð Þþ is33Wþ3 x1ð Þ s31W1 x1ð Þþ is33W3 x1ð Þ;
Eð1Þ1 x1;0ð Þ¼ is41Wþ1 x1ð Þþ s43Wþ3 x1ð Þþ is41W1 x1ð Þ s43W3 x1ð Þþ2is44W04:
ð68Þ
Taking into account that for x1 2 L the relationship
Wþi x1ð Þ ¼ Wi x1ð Þ; i ¼ 1;3ð Þ holds true one gets from Eq. (68)
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Fig. 5. The variation of the normal stress r33ðx1;0Þ at the crack continuation for the bimaterials PZT4/SiC and E1 ¼ 5 106 V=m; r1 ¼ 2:5 MPa (line I), r1 ¼ 10 MPa (II) and
r1 ¼ 25 MPa (III).
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Eð1Þ1 x1;0ð Þ ¼ 2is41Wþ1 x1ð Þ þ 2is44W04 for x1 2 L:
Excluding from the last relations Wþ1 ðx1Þ and taking into account
rð1Þ13 x1;0ð Þ ¼ s1 Eð1Þ1 x1;0ð Þ ¼ E1 for x1 !1, one gets
W04 ¼ 0:5iD11 s11E1  s41s1ð Þ; ð70Þ
where D1 ¼ s14s41  s11s44.
By combining the ﬁrst and second equation of Eqs. (68) and tak-
ing into account (70) one can get
rð1Þ33 x1;0ð Þ þ imjrð1Þ13 x1;0ð Þ ¼ tj Fþj x1ð Þ þ cjFj x1ð Þ
h i
þ imjs0; ð71Þ
where
Fðj zÞ ¼W1ðzÞ þ iqjW3ðzÞ; j ¼ 1;2 ð72Þ
and
qj ¼
s33 þmjs13
s31 mjs11 ; cj ¼  s31 þmjs11
 
tj; tj
¼ s31 mjs11; m1;2 ¼ 	
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 s31s33
s11s13
r
; j ¼ 1;2: ð73Þ
Eqs. (19) and (72) lead to the following expression for the deriva-
tives of the displacement jumps
u01 x1;0ð Þ

 þ iqj u03 x1;0ð Þ
  ¼ Fþj x1ð Þ  Fj x1ð Þ; j ¼ 1;2 ð74Þ
and it is clear from Eqs. (65) and (74) that the functions FjðzÞ are
analytic in the whole plane cut along (c; bÞ.
Performing further the analysis similar to Herrmann and
Loboda (2000) one arrives to the following transcendental equa-
tion for the determination of the contact zone length
tanb ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
p
r1 þ 2e1m1s1
2e1r1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
p
m1s1
; ð75Þ
where k ¼ bal ; b ¼ e1 ln 1
ﬃﬃﬃﬃﬃﬃ
1k
p
1þ
ﬃﬃﬃﬃﬃﬃ
1k
p ; e1 ¼ 12p ln c1.
The SIF (53) of the shear stress can be found on the following
formulak2¼ 1m1

ﬃﬃﬃﬃﬃ
pl
2
r
r1 sinbm1s1 cosbð Þþ2e1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1k
p
r1 cosbþm1s1 sinbð Þ
h i
:
After determination of the contact zone length from Eq. (75) the
stresses can be found by Eq. (71). Further, by use of (69) the electri-
cal ﬁeld can be written as
Eð1Þ1 x1;0ð Þ ¼
s41
s11
rð1Þ13 x1;0ð Þ  s1
h i
þ E1 for x1 2 L:
Detailed analysis of the contact zone model for an electrically
impermeable crack was performed by Herrmann et al. (2001)
and rather small difference in the contact zone length with respect
to the permeable crack was found out for a pure mechanical load.
Besides, the inﬂuence of the electrical ﬂux orthogonal to the crack
faces on the contact zone characteristics was found to be highly
minor.
7. Numerical results and discussion
Consider the inﬂuence of the external mechanical and electrical
loading on the contact zone length and the electromechanical
intensity factors (IFs). Bimaterials consisting of piezoceramics
PZT4/PZT5H and PZT4/(semiconductor SiC) are chosen for numer-
ical calculations. For the crack region we take c ¼ 0:01 m and
b ¼ 0:01 m. The characteristics of the studied materials are pre-
sented in Appendix. Matrices S without the second row and col-
umn in the system of units SI for bimaterials PZT4/PZT5H and
PZT4/SiC, respectively, have the following form
2:788 1010i 1:579 109 3:340 108i
1:579 109 2:350 1010i 3:749 107
3:340 108i 3:749 107 3:409 107i
2
664
3
775;

4:930 1010i 1:347 1010 1:216 109i
1:347 1010 4:957 1010i 1:341 109
1:216 109i 1:341 109 1:391 108i
2
664
3
775:
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Fig. 6. The variation of the crack opening along the crack region for r1 ¼ 1 MPa; s1 ¼ 10 MPa and E1 ¼ 0, (lines I), E1 ¼ 106 V/m (II), E1 ¼ 3 106 V/m (III).
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Fig. 7. The variation of the normal stress r33 x1;0ð Þ at the crack continuation for the same external stresses and electric ﬁeld as in Fig. 6.
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factor of the shear stress k2 and the intensity factor of the electrical
stress kE with respect tonormal stressr1 arepresented inTable 1 for
the bimaterial PZT4/PZT5H and E1 ¼ 5 106 V=m, and in Table 2
for the bimaterial PZT4/SiC and E1 ¼ 5 106 V=m. The value of
the shear stress s1 was chosen to be equal to 0 and the crackwas as-
sumed to be electrically conducting. The obtained results show that,
although the shear stresswas equal to 0, the contact zone length can
be rather long for certain values ofr1=E1. This is, ﬁrst of all, because
of the presence of electric ﬁeld E1. This situation is highly unusual
because for electrically permeable cracks (Herrmann and Loboda,
2000) and electrically impermeable ones (Herrmann et al., 2001),
the inﬂuence of the electric ﬁeld on the contact zone length was al-
most insensible.
In Figs. 2 and 3, the variation of the crack opening along the
crack region is presented for the bimaterials PZT4/PZT5H and
PZT4/SiC, respectively. The results in Fig. 2 are obtained for
E1 ¼ 5 106 V=m. Lines I, II and III correspond to r1 ¼ 1 MPa;
r1 ¼ 2:5 MPa and r1 ¼ 5 MPa, respectively. The contact zone
length in these cases is 0.1523, 0.04024 and 0.003413, respectively.The results in Fig. 3 are obtained for E1 ¼ 5 106 V=m. Lines I, II
and III are drown for r1 ¼ 2:5 MPa; r1 ¼ 10 MPa and
r1 ¼ 25 MPa, respectively. The contact zone length in these cases
is 0.3016, 0.2226 and 0.1109, respectively.
The obtained results conﬁrm the strong inﬂuence of electric
ﬁeld on the contact zone length. They show that, for many electric
ﬁeld-normal stress coefﬁcients, the open crack model induces an
important error and, therefore, the contact zone model should be
applied.
The variation of the normal stress r33ðx1;0Þ at the crack contin-
uation is shown in Figs. 4 and 5 for the bimaterials PZT4/PZT5H and
PZT4/SiC, respectively. The lines I, II and III in Fig. 4 are obtained for
the same values of E1 and r1 as in Fig. 2 whilst the lines I, II and III
in Fig. 5 are drown for the same values of E1 and r1 as in Fig. 3.
These results demonstrate that, although the stress r33ðx1;0Þ is
not singular in the right neighborhood of the point b, its value re-
mains very high in this region and can induce crack propagation.
Further the comparison of the results for the conducting crack
with the associated results for the crack free from electrodes are
presented.
Table A.1
Characteristics of the analyzed piezoceramics (Li and Chen, 2008).
PZT-4 PZT-5H SiC
c11  1010 ðN=m2Þ 13.9 12.6 49.9
c33  1010 ðN=m2Þ 11.3 11.7 49.9
c13  1010 ðN=m2Þ 7.43 5.30 11.9
c44  1010 ðN=m2Þ 2.56 3.53 19.0
e31 ðC=m2Þ 6.98 6.50 17:6 1010
e15 ðC=m2Þ 13.4 17.0 16:4 1010
e33 ðC=m2Þ 13.8 23.3 24:9 1010
e11  1010 (C/Vm) 60.0 151 0.885
e33  1010 (C/Vm) 54.7 130 0.885
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gion is presented for the bimaterial PZT4/PZT5H for
r1 ¼ 1 MPa; s1 ¼ 10 MPa and E1 ¼ 0, (lines I), E1 ¼ 106 V=m
(line II), E1 ¼ 3 106 V=m (III). Solid lines are related to the con-
ducting crack while the dashed line is obtained for the electrically
permeable crack model. Correspondent variations of the normal
stress r33 x1;0ð Þ at the crack continuation for the same external
stresses and the electric ﬁeld are presented in Fig. 7. It can be seen
from these ﬁgures that there is only small difference in the ob-
tained results between electrically conducting and electrically per-
meable crack models for pure mechanical loading. However the
electric ﬁeld essentially inﬂuences the crack opening, the normal
stress and other electromechanical quantities for electrically con-
ducting crack whilst it does not change them for the electrically
permeable crack. This conclusion completely agrees with simple
physical arguments because the crack does not disturb an electric
ﬁeld for the electrically permeable conditions.8. Conclusion
An interface crack with a contact zone in a piezoelectric bima-
terial under the action of a tension and shear mechanical loading
and electrical ﬁeld parallel to the crack faces is analyzed. The piez-
oceramics is polarized in the direction orthogonal to the crack
faces. It is assumed that the crack is electrically conducting and
all electromechanical ﬁelds are independent on the coordinate par-
allel to the crack front.
Vector–matrix expressions (19) and (20) for the stresses and
electrical displacements as well as for the elastic displacements
and electrical potential jumps via a sectionally-holomorphic vec-
tor-function are derived. For an arbitrary contact zone length, the
analyzed problem is reduced to the combined Dirichlet–Riemann
problem (38) and (39) and the Hilbert problem (40) with respect
to the components of the above mentioned vector-function. An ex-
act analytical solution of these problems has been found. Analytical
expressions for the stresses and the electrical displacement as well
as for the elastic displacement and electrical potential jumps along
the interface are derived.
The transcendental equation (62) for the determination of the
real contact zone length and its asymptotic solution (63), which
can be used when this zone is small with respect to the crack
length, are found. In a general case, the solution of Eq. (62) should
be found numerically.
By use of presentation (19) and (20) the case of electrically per-
meable crack was considered for the problem, depicted in Fig. 1.
This type of electrical conditions can model the crack free from
electrodes or conducting ﬁller. By combining Eq. (19) the presenta-
tions (71) and (74) were found. These presentations formally are
very similar to the associated equations of the paper by Herrmann
and Loboda (2000), obtained for a similar, but another problem.
Therefore, by use the mathematical apparatus of this paper all re-
quired characteristics for an electrically permeable crack with a
contact zone were fount in a closed form.
The contact zone length and corresponding stress and electric
ﬁeld intensity factors are found for different material combinations
and loads. Numerical results are obtained for the bimaterials PZT4/
PZT5H and PZT4/SiC and they are presented in Tables 1 and 2 and
Figs. 2–5. A strong inﬂuence of the electric ﬁeld on the contact zone
length, stress and electric ﬁeld intensity factors is found out. This is
a new and unusual result because, in the previous studies for elec-
trically permeable and electrically impermeable cracks, the visible
inﬂuence of electrical components to the contact zone length was
not observed. The comparison of the obtained results for an electri-
cally conducting and electrically permeable crack has been
performed and presented in Figs. 6 and 7.Acknowledgments
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